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Annex D:  Calculation of momentum for relativistic non-elastic collision 

Annex D:  Calculation of momentum for rel-
ativistic non-elastic collision 

During ideal non-elastic, i.e. plastic collision 2 masses hit each other in central position and 

are moving forward as a combined body without rotation. An approximation procedure is 

developed to calculate the end-velocity of this body on basis of the principle of conservation 

of momentum, in a case where the validity of equation 𝑚3 = 𝑚1 + 𝑚2 is postulated. This 

approach is relevant for theoretical analysis only because it can be shown, that in real cases 

an additional increase of mass 𝛥𝑚3 because the conversion of potential energy into mass 

must be considered. For details it is referred to chapter 7.1. 

 In addition, the appearing simple equation makes it possible to perform a comparison 

between the approximation procedures recursion, Newton’s calculus, and bijection. The lat-

ter proved to be superior to the others because it is the only calculation to cover all possible 

input values and is therefore used also in other calculations in Annex A – C. 

 Respecting the above-mentioned restrictions, for the relativistic momentum using rela-

tion 𝑚3 = 𝑚1 + 𝑚2 referring to Eq. (7.01) 

𝑝0 = 𝑚1𝛾1𝑣1 + 𝑚2𝛾2𝑣2 = (𝑚1 + 𝑚2)𝛾3𝑣3                                  (D. 01) 

applies, where 𝑣3 can be calculated on basis of numerical approximation. In the follow-

ing different procedures will be presented and the results are compared. 

D.1  Recursion procedure 

The procedure with the smallest mathematical effort is the procedure using simple recur-

sion. The equation for the development can be derived directly using Eq. (D.01) and shows 

the form 

(𝑣3)𝑘+1

𝑐
=

𝑝0

𝑐(𝑚1 + 𝑚2)𝛾3𝑘
=

𝑝0

𝑐(𝑚1 + 𝑚2)
√1 − (

(𝑣3)𝑘

𝑐
)

2

                  (D. 02) 

D.2  Procedure according to Newton’s calculus 

Iteration according to Newton’ calculus is generally using the sequence 

𝑥𝑘+1 = 𝑥𝑘 −
𝑓(𝑥𝑘)

𝑓′(𝑥𝑘)
                                                       (D. 03) 

When Eq. (D.01) is converted it applies first 

𝑚1𝛾1𝑣1 + 𝑚2𝛾2𝑣2

𝑚1 + 𝑚2
− 𝛾3𝑣3 = 0 = 𝑓(𝑣3)                                     (D. 04) 
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and then 

𝑓 (
𝑣3

𝑐
) =

𝑝0

𝑐(𝑚1 + 𝑚2)
−

𝑣3

𝑐
(1 −

𝑣3
2

𝑐2
)

−1
2⁄

                                 (D. 05) 

Using 

𝑥 =
𝑣3

𝑐
                                                                  (D. 06) 

it yields 

𝑓(𝑥) =
𝑝0

(𝑚1 + 𝑚2)
− 𝑥(1 − 𝑥2)−1

2⁄                                         (D. 07) 

and 

𝑓′(𝑥) = −(1 − 𝑥2)−3
2⁄                                                     (D. 08) 

After inserting the result in Eq. (D.03) the iteration formula is finally 
 

(𝑣3)𝑘+1

𝑐
=

(𝑣3)𝑘

𝑐
+

𝑝0

(𝑚1 + 𝑚2)
− (𝑣3)𝑘 [1 − (

(𝑣3)𝑘

𝑐
)

2

]

−1
2⁄

𝑐 [1 − (
(𝑣3)𝑘

𝑐
)

2

]

−3
2⁄

                  (D. 09) 

D.3  Bisection method 

First the starting function is defined using Eq. (D.01) 

𝑓(𝑣3) = 𝛾3𝑣3 =
𝑝0

(𝑚1 + 𝑚2)
                                              (D. 10) 

where the value for 𝑝0 is defined by the initial starting conditions. For the beginning of the 

calculation appropriate values for (𝑣3+)0 and (𝑣3−)0 are determined which are following 

the conditions 

𝑓(𝑣3+)0 >
𝑝0

(𝑚1 + 𝑚2)
                                                    (D. 11) 

and 

𝑓(𝑣3−)0 <
𝑝0

(𝑚1 + 𝑚2)
                                                    (D. 12) 

In the interval [(𝑣3−)0; (𝑣3+)0] the function 𝑓(𝑣3) must be continuous and differentiable, 

and further 𝑓′(𝑣3) ≠ 0 is required, which means, that in the chosen interval no minima and 

maxima are allowed, because otherwise no exact solution exists. Then the mean value is 

formed 

(𝑣3)1 =
(𝑣3+)0 + (𝑣3−)0

2
                                                 (D. 13) 

and 𝑓(𝑣3)1 is calculated according to (D.10). The following equations apply: 

 𝑓(𝑣3)1 >
𝑝0

(𝑚1 + 𝑚2)
: ⇒ (𝑣3+)1 = (𝑣3)1 𝑢𝑛𝑑 (𝑣3−)1 = (𝑣3−)0               (D. 14) 

 𝑓(𝑣3)1 <
𝑝0

(𝑚1 + 𝑚2)
: ⇒ (𝑣3+)1 = (𝑣3+)0 𝑢𝑛𝑑 (𝑣3−)1 = (𝑣3)1              (D. 15) 
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The calculation is repeated with increasing index 1 to n until the required accuracy is 

achieved. Every step of the calculation is generating a bisection of the difference between 

𝑣3+ and 𝑣3−. A standard calculation program (e.g. Microsoft Excel©) with the utilization of 

15 digits is therefore requiring, because of the general estimation 

210 = 1024 ≈ 103                                                        (D. 16) 
following 

1015 ≈ 250                                                               (D. 17) 

the use of approximately 50 steps to reach maximum possible accuracy; in practice a utili-

zation of 60 proved to be safe in any case. Because of the boundary condition 𝑣1 = 0 the 

starting values can be determined easily and are (𝑣3−)0 = 0 resp. (𝑣3+)0 = 𝑣2. 

D.4  Evaluation 

In the following results for the discussed procedures are presented using different values 

for the velocities. According to the considerations in chapter 7.1 only cases will be viewed, 

where the masses are equal and one of the selected velocities (here 𝑣1) is equal to zero. All 

iteration methods lead to the same values; the procedures using simple recursion and ac-

cording to Newton share the advantage, that they converge very quickly for small values of 

𝑣 𝑐⁄ . However, as a drawback the convergence is reducing for increasing 𝑣 𝑐⁄  and starting 

with 𝑝0 = 𝛾2𝑣2 ≥ 2𝑐 (for 𝑚1 = 𝑚2 = 1) calculations are no longer possible. Bisection, how-

ever, shows a much better performance and is above approx. 𝑣2 𝑐⁄ > 0,895 the only remain-

ing procedure which is still working. 

 In the following table examples for calculations with different conditions are presented. 

In all cases it is marked, from which iteration step on no differences between consecutive 

steps can be detected and so the procedure has reached its end (Status “x” in field “St”). If 

one of the procedures is not converging, then it is marked as “not ok” in the evaluation field. 

Further on the differences to the results of the relativistic addition of velocities 𝑣3,𝑅𝑒𝑙 are 

presented as percentage-value. 

 For the calculation, the following equations are used: 

 

𝑣3,𝑅𝑒𝑙

𝑐
=

1 − √1 − (
𝑣2

𝑐 )
2

𝑣2

𝑐

                          𝛾3,𝑅𝑒𝑙 =
1

√1 − (
𝑣3,𝑅𝑒𝑙

𝑐 )
2

                    
𝑝0

𝑐
= 𝑚2𝛾2

𝑣2

𝑐
 

Recursion:           
(𝑣3)𝑘+1

𝑐
=

𝑝0

𝑐(𝑚1 + 𝑚2)
√1 − (

(𝑣3)𝑘

𝑐
)

2

 

 
Newton 

             
(𝑣3)𝑘+1

𝑐
=

(𝑣3)𝑘

𝑐
+ {

𝑝0

𝑐(𝑚1 + 𝑚2)
−

(𝑣3)𝑘

𝑐
[1 − (

(𝑣3)𝑘

𝑐
)

2

]

−1
2⁄

} [1 − (
(𝑣3)𝑘

𝑐
)

2

]

3
2⁄
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Bisection:         
(𝑣3)𝑘+1

𝑐
=

(𝑣3−)𝑘+(𝑣3+)𝑘

2𝑐
 

 

Condition         𝑓(𝑣3)𝑘+1 >
𝑝0

(𝑚1 + 𝑚2)
: ⇒ (𝑣3+)𝑘+1 = (𝑣3)𝑘+1 𝑎𝑛𝑑 (𝑣3−)𝑘+1 = (𝑣3−)𝑘 

 

Condition         𝑓(𝑣3)𝑘+1 <
𝑝0

(𝑚1 + 𝑚2)
: ⇒ (𝑣3+)𝑘+1 = (𝑣3+)𝑘 𝑎𝑛𝑑 (𝑣3−)𝑘+1 = (𝑣3)𝑘+1 

 

Appropriate starting values: For 
(𝑣3−)0

𝑐
= − 

𝑣1

𝑐
and for 

(𝑣3+)0

𝑐
=  

𝑣1

𝑐
 

Values in the fields for results (blue color): For Recursion, Newton and Bisection the last 

values of iteration. 

𝑣3

𝑣3,𝑅𝑒𝑙
− 1 

Comparison of results. Chosen was bisection (𝑣3) and relativistic  
addition of velocities (𝑣3,𝑅𝑒𝑙) 

For the presented calculations, the following values apply: 

Tab. D.1 Tab D.2 Tab D.3 

𝑚1 = 1; 𝑚2 = 1 
 

𝑣1 =  0  ;   𝑣2 = 0,1𝑐 

𝑚1 = 1;  𝑚2 = 1 
 

𝑣1 = 0   ;   𝑣2 = 0,8𝑐 

𝑚1 = 1: 𝑚2 = 1 
 

𝑣1 = 0  ;   𝑣2 = 0,89𝑐 

Codes for calculation: 

Coordinate  Code 

G1 = (1-SQRT(1-B2*B2))/B2 

G2 = 1/SQRT(1-G1*G1) 

B3 = B2/SQRT(1-B2*B2) 

B5 = IF(B6="ok";B70;"") 

D5 = IF(D6="ok";D70;"") 

F5 = IF(F6="ok";F70;"") 

H5 = F5/G1-1 

B6 = IF(C70="";"not ok";"ok") 

D6 = IF(E70="";"not ok";"ok") 

F6 = IF(G70="";"not ok";"ok") 

B8 = B70/D70-1 

D8 = D70/F70-1 

F8 = F70/B70-1 

G10 = B1 

H10 = B2 

B11 = B$3/(1+D$2)*SQRT(1-B10*B10) 

C11 = IF(B11=B10);"x";"") 

D11 = D10+(B$3/(1+D$2)-D10*(1-D10*D10)^-(1/2))*((1-D10*D10)^(3/2)) 

E11 = IF(D11=D10);"x";"") 

F11 = (G10+H10)/2 

G11 = IF(F11/SQRT(1-F11*F11)<B$3/(1+D$2);F11;G10) 

H11 = IF(F11/SQRT(1-F11*F11)<B$3/(1+D$2);H10;F11) 

I11 = IF(F11=F10;"x";"") 
 

The codes B11 to I11 to be copied as far as B70 to I70 
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Tab. D.1: Velocity 𝑣3 after relativistic non-elastic collision, 𝑣1 = 0 ;  𝑣2 = 0,1𝑐 
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Tab. D.2: Velocity 𝑣3 after relativistic non-elastic collision, 𝑣1 = 0 ;  𝑣2 = 0,8𝑐 
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Tab. D.3: Velocity 𝑣3 after relativistic non-elastic collision, 𝑣1 = 0 ;  𝑣2 = 0,89𝑐 


